Two popular link-based webpage ranking algorithms are (i) PageRank [1] and (ii) HITS (Hypertext Induced Topic Selection) [3] . HITS makes the crucial distinction of hubs and authorities and computes them in a mutually reinforcing way. PageRank considers the hyperlink weight normalization and the equilibrium distribution of random surfers as the citation score. We generalize and combine these key concepts into a unified framework, in which we prove that rankings produced by PageRank and HITS are both highly correlated with the ranking by in-degree and out-degree. 
HITS ALGORITHM
In the HITS algorithm [3] , each webpage i has both a hub score yi and an authority score xi. The intuition is that a good authority is pointed to by many good hubs (this defines the I op operation) and a good hub points to many good authorities (this defines the O op operation). This mutually reinforcing relationship can be represented as the following general operations,
Here vectors x = (x1, · · · , xn) T and y = (y1, · · · , yn) T contain the authority score and hub score of each webpage, respectively. I op and O op can be written as
L is the adjacency matrix of the web graph. Final scores are obtained at convergence through the iterations, where x (t) , y (t) denote scores at the t-th iteration.
Co-citation and co-reference
We emphasize the role of co-citation and co-reference (Fig.1) .
where Din is the diagonal matrix containing in-degrees of all nodes, and C is the co-citation matrix. This shows the close relationship between authority and co-citation.
Since LL T determines the hub scores, we call LL T the hub matrix. We prove that LL T = Dout + R, where Dout is the diagonal matrix containing out-degrees of all nodes, and R is the co-reference matrix. This shows the close relationship between hubs and co-references.
Assuming the web graph is a fixed degree sequence random graph, HITS results in average case can be solved in closed form [2] , which proves that authority ranking by HITS is identical to the ranking by in-degrees. Similarly, hub ranking in HITS is identical to the ranking by out-degrees. 
PAGERANK
The key feature of PageRank is the hyperlink weight normalization, as shown in Fig.1 from the perspective of cocitation and co-reference. We may state this as Internet Democracy: each website (webpage) has a total of one vote. Another key feature is that PageRank adopts a web surfing model based on a Markov process in determining the scores:
The equilibrium distribution of random surfers on webpages is a measure of a webpage's "importance", is the authority score in PageRank.
Hubs in PageRank
We generalize the weight normalization idea to in-bound hyperlinks. One reason is illustrated in Fig.1 . Co-reference to a webpage with a large in-degree is not as significant as coreference to a webpage with a small in-degree. For example, the fact that we all make reference to a highly referenced site such as New York Times says little about whether we are similar. But if two persons make reference to Knuth's The Art of Computer Programming, it is likely that both persons are interested in computer algorithms. We propose to define hub in PageRank using the same random surfer model as in definition of authority. The hub scores are obtained through
A UNIFIED FRAMEWORK
The most important feature of HITS is the mutual reinforcement between hubs and authorities, while the most important feature of PageRank is the hyperlink weight normalization. These features are summarized in Table 1 . They can be generalized and combined. We also clarify and formalize weight propagation and random surfing as two different but related method to compute ranking scores. All these form a unified framework for link analysis.
In this framework, one can easily design new ranking algorithms. We study three new ranking algorithms: the AuthRank, the Hub-Rank and the Sym-Rank. 
